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ABSTRACT 
A norm N on an algebra A is called quadrative if 
N(_Y’) 5 N(s)’ for all .Y E A. 
and strongly stable if 
N(s”) 5 N(s)’ for all s t A and all k = 2,3.4.. 
Our main purpose in this note is to show that not all quadrative norms are strongly stable. 
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Let A be an algebra over a field F, either R or @. As usual, a function 
N:d-+R 
is called a norm if for all x, y E A and N E IF, 
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N(x) > 0, x # 0, 
N(QX) = bIN(x), 
N(x +v) I N(x) + N(Y). 
A norm N on A is stable if for some positive constant C, 
(1) N(xk) < ~N(x)~ for all x E A and all k = 2,3,4,. . 
We say that N is strongly stable if (1) holds for c = 1, i.e., 
N(xk) <No, XEA, k=2,3,4 ,... . 
Since N being sub-multiplicative means 
N(xy) I N(x)N(y) for all x,y E A, 
we see that sub-multiplicativity implies strong stability. The converse is usually 
false [AGL]. 
While often a norm N fails to be strongly stable, it may have weaker, yet re- 
lated properties. For example, we say that N is quadrative if 
N(x2) < N(x)’ for all x E A, 
and k-bounded for a given integer k > 2 if 
N(xk) < No for all x E A. 
Hence, N is quadrative if it is 2-bounded, and strongly stable if it is k-bounded 
for all k = 2,3,4, . . . 
Boundedness for a particular k larger than 2 does not usually ensure strong 
stability, not even quadrativity. For example, let W = (WV) be a fixed n x n 
matrix of positive entries. Then for the W-weighted sup norm on c” x ‘, the al- 
gebra of n x u complex matrices, 
Arens and Goldberg have proved: 
Theorem 1 [AG, Theorem 21. If k > 3, then there exists an n x n weight matrix 
W for which I I I I w,m is k-bounded but not strongly stable, not even quadrative on 
nxn C . 
In [AGL], Arens, Goldberg and Luxemburg asked whether quadrativity im- 
plies strong stability. Our main purpose in this note is to answer this question in 
the negative, showing in Theorems 2 and 3 below that not all quadrative norms 
are 3-bounded. 
Indeed, let 
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be the 3-dimensional, commutative matrix algebra over F, generated by the 
single nilpotent, upper triangular matrix 
0 1 0 0 
/?= i 0010 
0 0 0 1 1 : 0 0 0 0 
with the usual matrix addition and multiplication. 
Since Ak vanishes for all A E A3 and k > 4, it follows that ull norms on A3 are 
k-boundedfor k = 4,5: 6,. . . Thus, a norm is strongly stable on AJ ij’and only ij 
it is quadrative and 3-bounded. 
Now, for fixed positive constants u, v: W. consider the weighted (I-norm 
(2) t qy 
Then 
Ni(A2) = V/Q/’ + 2~+4; 
so NX is quadrative if and only if 
\@I* + 2wlrn,0l 5 (z+ + vi@ + ~171)’ for all (Y, p. y E F; 
that is, if and only if 
vI($ + 2wlaPI < (UjcyI + @I)‘, cy, p E IF. 
This holds if and only if 
vc~’ + 2wa/3 5 (uck + vp)2 for all Q > 0, p > 0; 
hence Ns is quadrative precisely when 
(3) f(CY, p) E (u’ - v)c? + 2(uv - M’)l$ + v2p2 > 0; cv > 0, p > 0. 
With (3) at hand, we conclude the above discussion by proving: 
Proposition 1. N3 is quadrative on A3 ifand only if 
(4) 1’ < uz and w < uv + v=. 
Proof. Let (4) hold. Then u* - v > 0 and uv - M‘ > -vG; so for all non- 
negative Q: and ,B, 
,f(a, p) 2 (u’ - V)Q2 - 2vv0Ycyp + v2p2 = (VGGkk - vp)2 > 0, 
and by (3), quadrativity is in the bag. 
Conversely, let (3) hold. Then putting Q = 1, /YI = 0, we immediately get 
z12 - v > 0. To obtain the second inequality in (4), let us first consider the case 
u2 = v. Then for Q = 1 and fl > 0, (3) implies 
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2(u3 - w) + dp > 0. 
Thus, letting p I 0 we find that u3 - w 2 0; whence 
wQ43=24v+v&zJ 
and (4) is established. 
Finally, suppose (3) holds, and let u2 - v > 0. Observe thatf can be rewritten 
as 
f(a, 0) = (&z-Jo - Vp)2 + 2(VvWG + UV - w)a’L?. 
Hence by (3), 
f(v, v&G) = 2(vJu2-v + UV - M’)VvGY > 0. 
Since tq/‘G > 0, we get vv’= + uv - w 2 0 which gives (4). 0 
Turning to discuss the 3-boundedness of N3, we record: 
Proposition 2. N3 is 3-bounded on A3 ifand only if 
w 5 u3. 
Proof. Surely, 
N3(A3) = wIc/~, A = E As. 
Thus, N3 is 3-bounded if and only if 
1c’Icy13 5 (+YI + VIP1 + wIyl)3, a, p, y E IF; 
i.e., precisely when 
&VJa13 < zqo13, d! E [F, 
and our assertion follows. 0 
Appealing to our findings in Propositions 1 and 2, and recalling that Nx is 
unconditionally k-bounded for all k 2 4, we obtain: 
Theorem 2. (a) N3 is strongly stable ifand only if 
(5) v 5 112 and w 5 min{u3, uv + vc}. 
(b) N3 is quadrative but not 3-bounded ifand only if 
(6) v < ll* and u3 < w 2 uv + v=. 
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Observe that (5) holds, for instance, for 
v = u2> U’ < u3, 
and (6) for 
3 
r=-_U* 
9 
4 ’ 
113 < M’ < -u3. 
-8 
The example in Theorem 2 can be extended to include a unit at the expense of 
raising the dimension of the underlying algebra from 3 to 4. To this end, con- 
sider 
+{ [; ; i ;) :&?>P,%~EF), 
the 4-dimensional, commutative algebra over lF, generated by the matrix E and 
by the 4 x 4 identity I. Clearly, & may take the form 
&={SI+A:~EF, Aids}. 
Now, let N’ be a norm on d3, and let N” be the norm on & defined by 
(7) N”(B)=ISl+N’(A), B=SI+A> SEF, AEA~. 
Proposition 3. (a) N” is quadrative ifand only if N’ is. 
(b) IfN’ is quadrative, then N” is 3-hounded fund only if N’ is. 
(c) N” is strongly stable ifand only (f N’ is. 
Proof. Let N’ be quadrative. Select an arbitrary matrix B in $14 so that 
B = SZ + A for some A E As. Since B2 = S21 + 26A + A2 and 2SA + A2 E As, 
we get 
N”(B2) = \Sl2 + N’(2SA + A2) 
I j612 + 2161N’(A) + N’(A2) 
< 1612 + 2lSIN’(A) + N’(A)’ 
= (ISI + N’(A))2 
= N”(B)2, 
hence N” is quadrative. 
Conversely, if N’ is not quadrative, then for some A0 E ds, 
N’(A;) > N’(A,,)‘. 
Since N’ and N” coincide on d3, we have 
N”(A;) > N”(Ao)2, 
and (a) is confirmed. 
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Turning to (b), suppose N’ is quadrative and 3-bounded. As in the proof of 
(a), select B E Ad with B = 6Z+ A and A E d3. Observe that 
B3 = S31 + 3S2A + 36A2 + A3, 3S2A + 36A2 + A3 E d3; 
thus, 
N”(B3) = 16l3 + N’(3S2A + 3SA2 + A3) 
5 ISI + 31S12N’(A) + 316lN’(A*) + N’(A3) 
5 ISI + 31S12N’(A) + 3161N’(A)2 + N’(A)3 
= (ISI + N’(A))3 
= N”(B)3, 
so N” is 3-bounded. 
If, on the other hand, N’ fails to be 3-bounded, then 
N”(A;) = N’(A;) > N’(Ao)3 = N”(Ao)~ 
for some A0 E d3, and (b) follows. 
To prove (c), assume first that N” is strongly stable. Then by parts (a) and (b), 
N’ is both quadrative and 3-bounded, hence strongly stable, since Ak = 0 for 
A~djandk>4. 
Conversely, suppose N’ is strongly stable. Once more let B be an arbitrary 
element in $14 where B = SZ + A, A E As. Thus, for all natural k, 
Bk = (6Z + A)” = 2 (“)di’A’ = Sk1 + Ak, 
j=o J 
where 
Ak = -& (f)SkpiAj E d3. 
j=i J 
Consequently, 
N”(Bk) = 16jk + N’(Ax_) 
(8) 
= ISI” + N($ ck)c”‘I’) 
5 lSlk + 2 k lSJk-jN’(Aj); 
0 j=l J 
so by the strong stability of N’, 
N~B~) 5 161k + 2 (T)p\k-'~r(a)' = (161 + N'(A))~ = N"(B"). 
j=l 
and the proof is complete. 0 
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To illustrate Proposition 3 set, as before, positive weights, U, v, W, and identify 
N’ with our norm NJ, defined on d3 in (2). The corresponding norm N” is now 
N4(B) = ISI +ulul + vlPl+ wlrl, B = 
and in complete analogy with Theorem 2, we can easily prove: 
Theorem 3. (a) N4 is strongly stable ifand only f(5) holds. 
(b) N4 is quudrative but not 3-bounded ifand only if(6) holds. 
Proof. By combining Theorem 2(a) and Proposition 3(c), we get (a). 
For (b), observe that by parts (a) and (b) of Proposition 3, N4 is quadrative 
but not 3-bounded if and only if so is Ns. Hence, Theorem 2(b) implies the de- 
sired result. 0 
In concluding this note, let us point out that all norms on As and all norms of 
the form (7) on A, are stable. 
Indeed, for a norm N’ on As , put 
X E max{N’(A’) : A E ds> N’(A) = I}. 
p G max{N’(A’) : A E dj. N’(A) = l}. 
Since N’ is a continuous function on AJ, a simple compactness argument im- 
plies that X and p are well defined nonnegative constants. Therefore, 
N’(A2) < AN’(A)’ and N’(A3) 5 pN’(A)’ for all A E ds: 
so for every fixed cr with 
cf > max{k p}, 
we get 
(9) N’(k) < aN’(A)“, A E As. k = 2,3. 
Since Ak = 0 for k > 4, it follows that (9) holds for all k > 2; that is, 
(10) N’(Ak) < CTN’(A)~, A E ds, k = 2,3,4,. , 
hence N’ is stable. 
Finally, let N” be a norm on A, of the form given in (7). Since the associated 
norm N’ is stable on -As, (10) holds for all sufficiently large 0. Thus, appealing to 
(10) with 0 > 1, (8) yields 
N”(Bk) < a161k + ge (;) IsI’-‘N’(A)’ = a@ + N’(A))k = CTN”(B)~, 
/=I 
for all B = 61+ A E S24, A E As, and we are done. 
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